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Fujikawa’s method is employed to compute at first order in the noncom-
mutative parameter the U(1)A anomaly for noncommutative SU(N) .
We consider the most general Seiberg-Witten map which commutes
with hermiticity and complex conjugation and a noncommutative ma-
trix parameter, θµν , which is of “magnetic” type. Our results for
SU(N) can be readily generalized to cover the case of general non-
semisimple gauge groups when the symmetric Seiberg-Witten map is
used. Connection with the Atiyah-Singer index theorem is also made.
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It is difficult to overstate the importance of the abelian chiral anomaly in Physics [1, 2].
A most beautiful explanation of the existence of this anomaly was supplied by Fujikawa [3],
who showed that it comes from the lack of invariance of the fermionic measure under chiral
transformations. Fujikawa’s method of computing anomalies also provides a way of easily
exhibiting the relationship between the abelian chiral anomaly and the Atiyah-Singer index
theorem [3, 4]. The method in question is called a nonperturbative method since no expansion
in the coupling constant is carried out.
The purpose of this note is to use Fujikawa’s method to work out the abelian chiral anomaly
for noncommutative SU(N) gauge theories with Dirac fermions [5] up to first order in the
noncommutative matrix parameter θµν and for the most general Seiberg-Witten map which is
local at each order in θµν and commutes with hermiticity and complex conjugation. The case
of noncommutive gauge theories with Dirac fermions and with a nonsemisiple gauge group is
also analysed when the theory is defined by means of the symmetric Seiberg-Witten map [6, 7].
Let aµ be an ordinary SU(N) gauge field. Let ψ denote an ordinary massive Dirac fermion
carrying a given representation of SU(N) . Following ref. [5], we construct the noncommutative
fields Aµ –the gauge field– and Ψ –the Dirac fermion– by applying the Seiberg-Witten map
to their ordinary counterparts. As in ref. [7, 8], we shall assume that ψ does not enter
the Seiberg-Witten map that yields Aµ , that this map renders Aµ hermitian and that it
commutes, the Seiberg-Witten map, with complex conjugation when acting on fermion fields.
We shall also assume that at each order in the noncommutative matrix parameter θµν the
Seiberg-Witten map is local, i.e., that it is a polynomial of the fields and their derivatives
with dimensionless coefficients other than θµν . Note that if, barring θµν , we would allow for
dimensionful coefficients, such as masses, etc ..., then, the Seiberg-Witten map would have an
infinite number of terms at each order in θµν and the theory would not be local at each order
in θµν . It is not difficult to show that at first order in θµν the most general Seiberg-Witten
map that fulfils the previous requirements reads
Aµ = aµ −
1
4
{aα, ∂βaµ + fβµ}+ i
(
κ2 −
κ1
2
)
θαβ Dµ[aα, aβ] + κ3 θ
αβ
Dµfαβ + κ4 θµ
β
D
νfνβ,
Ψ = ψ +
[
− 1
2
θαβaα∂β +
i
4
θαβaα aβ + iκ3 θ
αβ fαβ −
(
κ2 −
κ1
2
)
θαβ [aα, aβ] + z1 θ
αβ fαβ
+ i
2
z2 θ
αβ[γβ, γρ]DαD
ρ − z3
2
θαβ [γα, γρ]f
ρ
β + iz4 θ
αβ γαγβD
2 − z5 θ
αβ γαγβγµγνf
µν
]
ψ.
(1)
Hermiticity of Aµ demands κi , i = 1, ..., 4 , to be real numbers. That the Seiberg-Witten map
commutes with complex conjugation –i.e., Ψ[ψ, aµ, θ
µν ] = Ψ[ψ∗,−a∗µ,−θ
µν ] , see refs. [7, 8]–
leads to z2 = z3 = z4 = z5 = 0 and restricts z1 to be a real number. Notice that the terms in
2
the Seiberg-Witten map that go with κ4 and z1 correspond, respectively, to field redefinitions
of aµ and ψ , so that their actual values have no effect on physical quantities. However, we
shall keep these parameters arbitrary and see whether they can be used to simplify the values
of the (non-physical) Green functions of the fields we shall compute.
The action of the noncommutative SU(N) theory we shall study is given by
S =
∫
d4x −
1
4g2
TrF µν ⋆ Fµν + Ψ¯ ⋆ (iD/ ⋆ −m)Ψ.
Tr denotes the trace operation on the matrix representation of SU(N) carried by ψ . In
the previous equation, F µν = ∂µAν − ∂νAµ − i[Aµ, Aν ]⋆ , D/ ⋆ = ∂/ − iA/⋆ and Aµ and Ψ are
given by the Seiberg-Witten map above. ⋆ stands for the Moyal product of functions: (f ⋆
g)(x) = f(x) exp( i
2
θαβ
←−
∂α
−→
∂β)g(x) . Since we shall use Fujikawa’s method to compute the abelian
anomaly, we must define the theory for the Euclidean signature of space-time. Upon Wick
rotation –we shall play it safe [9] and consider θµν to be of “magnetic” type: θ0i = 0–, we
obtain a theory whose action, SE , at first order in θ
µν reads:
SE = SYM −
∫
d4x ψ¯ (K + iM(x))ψ. (2)
SYM is the contribution coming from the pure noncommutative Yang-Mills action –whose
actual value will be irrelevant to us. The differential operator K and the function M(x) are
given by
K = iD/ + iR/
R/ = (−1
4
+ 2z1) θ
αβ fαβγ
µDµ −
1
2
θαβ γρfραDβ + z1 θ
αβ γµDµfαβ − iκ4 θµ
β
D
νfνβ γ
µ,
M(x) = m [ 1 + (−1
4
+ 2z1) θ
αβ fαβ(x) ].
(3)
The operator iR/ is gauge covariant and formally self-adjoint and, in K , it should be under-
stood as a perturbation of the ordinary Dirac operator iD/ . Note that this perturbation does
not destroy the pairing between positive and negative eigenvalues that occurs in the spectrum
of iD/ .
We shall assume that the ordinary Dirac operator has a discrete spectrum. The latter is
achieved by imposing on the fields boundary conditions that allow, by means of the stere-
ographic projection, for the compactification of ordinary 4-dimensional Euclidean space to a
4-dimensional unit sphere [10, 11]. In particular, we shall assume that the ordinary gauge fields
satisfy the standard boundary condition: aµ(x)→ ig(x)∂µg
−1(x) +O(1/|x|2) as x→∞ . In
3
keeping with the philosophy adopted in this paper, we shall take for granted that the eigen-
values and eigenfunctions of K can be computed by employing standard perturbation theory,
using iR/ as a perturbation. Thus, following Fujikawa [3], we shall use the eigenfunctions of
K to define the fermionic measure of the path integral. One expands first the fermion fields
ψ(x) =
∑
n anϕn(x) , ψ¯(x) =
∑
n b¯nϕ
†
n(x) , in terms of the of a orthonormal set of eigen-
functions of K , say {ϕn(x)}n . Recall that an and b¯n are Grassmann variables. Then, the
fermionic measure is defined as follows dψdψ¯ =
∏
n dandb¯n .
The generating functional, Z[Jaµ, ω, ω¯] , of the complete Green functions of our theory is
defined by the following path integral
Z[Jaµ , ω, ω¯] =
1
N
∫
dµ e−SE+
∫
d4x [Jaµ(x)aaµ(x)+ω¯(x)ψ(x)+ψ¯(x)ω(x)], (4)
where SE is defined by eqs. (2) and (3), and the path integral measure dµ is equal to
[daaµ]
∏
n dandb¯n . [da
a
µ] is the measure over the space of gauge fields and contains the Faddeev-
Popov factor. In the massless limit SE in eq. (2) is invariant under the following infinitesimal
U(1) rigid chiral transformations δψ(x) = iαγ5ψ(x) , δψ¯(x) = iαψ¯(x)γ5 . Hence, under the
infinitesimal local abelian chiral transformations δψ(x) = iα(x)γ5ψ(x) , δψ¯(x) = iα(x)ψ¯(x)γ5 ,
the action SE undergoes the change
δSE = −
∫
d4x [α(x)∂µj
µ
5 (x)− 2α(x)ψ¯(x)M(x)γ5ψ(x)].
The current jµ5 (x) is the U(1)A current, which is classically conserved and is given by
jµ5 (x) = ψ¯(x)
[
γµ −
(
1
4
− 2z1
)
θαβ fαβγ
µ −
1
2
θαµ γρfρα
]
γ5ψ(x). (5)
The measure of the path integral above also changes under the previous local chiral trans-
formations: dµ → dµ [1 −
∫
d4xα(x)A(x)] . The symbol A(x) denotes the following formal
expression
A(x) = 2i
∑
n
ϕ†n(x)γ5ϕn(x). (6)
These results and the fact that the path integral in eq. (4) does not change under changes of
ψ and ψ¯ , leads to the following anomalous Ward identity
≪ [∂µj
µ
5 (x)− 2ψ¯(x)M(x)γ5ψ(x) + iω¯(x)γ5ψ(x) + iψ¯(x)γ5ω(x)]≫=≪ A(x)≫,
where ≪ · · · ≫= 1
N
∫
dµ · · · e−SE+
∫
d4x [Jaµ(x)aaµ(x)+ω¯(x)ψ(x)+ψ¯(x)ω(x)] .
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As it stands in eq. (6), A(x) is a formal object that is in demand of a proper definition.
The latter is achieved as follows
A(x) = 2i lim
Λ→∞
∑
n
ϕ†n(x)γ5e
−
λ2n
Λ2 ϕn(x) = 2i lim
Λ→∞
∑
n
ϕ†n(x)γ5e
−K
2
Λ2 ϕn(x). (7)
λn denotes a generic eigenvalue of K , K being defined in eq. (3). The previous equation
provides a gauge invariant definition of A(x) obtained by using the operator that gives the
dynamics of fermions in the chiral limit. Besides, the spectrum of the operator K has in com-
mon with the spectrum of iD/ the following paring property of the nonvanishing eigenvalues:
for each nonvanishing eigenvalue λn with eigenfunction, say, ϕn(x) , there exists an eigenvalue
−λn with eigenfunction γ5ϕn(x) . That this pairing property holds is necessary to establish
a connection between of the value of A(x) and the index of the operator K(1 + γ5)/2 . We
shall come back to this issue at the end of this paper.
By going over to a plane wave basis, expanding the exponential e−
K
2
Λ2 , dropping all
contributions with more that one θµν and ignoring terms that yield traces of the type
tr γ5 = tr γ5γ
µγν = 0 , one obtains the following expression for the far r.h.s of eq. (7):
A(x) = Aordinary(x) +Aθ(x) + O(θ
2),
Aordinary(x) =
∑∞
k=2 limΛ→∞ 2i
∫
d4q
(2π)4
e−q
2 Λ2(2−k)
k!
Trγ5D/
2k(Λq)II,
Aθ(x)=
∑∞
k=2
∑k−1
l=0 limΛ→∞ 2i
∫
d4q
(2π)4
e−q
2 Λ2(2−k)
k!
Trγ5D/
2l(Λq) {D/ (Λq), R/ (Λq)}D/ 2(k−1−l)(Λq)II.
(8)
II denotes the identity function on IR4 . Notice that Tr also denotes trace over γ matrices,
when there occur such matrices in the expression affected by Tr . The symbols D/ (Λq) , D/ 2(Λq)
and R/ (Λq) are defined, respectively, by the following equalities:
D/ (Λq) = D/ + iΛq/, D/ 2(Λq) = D2 + 2iΛq ·D − i
2
fµνγ
µγν ,
R/ (Λq) = R/ + i
[
(−1
4
+ 2z1) θ
αβ fαβΛq/−
1
2
θαβγρ fραΛqβ
]
.
D/ and R/ are given in eq. (3).
Aordinary(x) gives, of course, the abelian anomaly in ordinary 4-dimensional Euclidean
space:
Aordinary(x) =
i
(4π)2
ǫµνρσTr fµνfρσ. (9)
Let us show next that the terms with k such that k ≥ 5 yield a vanishing contribution to
Aθ(x) in eq. (8). Let us consider a term coming from the expansion of
D/ 2l(Λq) {D/ (Λq), R/ (Λq)}D/ 2(k−1−l)(Λq) =[
D2 − i
2
γµγνfµν + 2iΛq ·D
]l
{D/ (Λq), R/ (Λq)}
[
D2 − i
2
γµγνfµν + 2iΛq ·D
]k−1−l
,
5
which contains a , b and c factors of type D2 , γµγνfµν and 2iΛq · D , respectively. Since
{D/ (Λq), R/ (Λq)} supplies two γ matrices to the term in question, we conclude that the trace
over the Dirac matrices will vanish unless 2b + 2 ≥ 4 , i.e., unless b ≥ 1 . Now, notice that
a+ b+ c = k − 1 , so that c is bounded from above as follows: c ≤ cmax = k − 1− b . Hence,
the highest power of Λ that occurs in the term that we are analysing is cmax +2 = k− b+1 .
Next, this term is to be multiplied by Λ2(2−k) , so, for k > 2 , it will not survive in the large
Λ limit if k − b + 1 < 2(k − 2) . This inequality and the constraint b ≥ 1 , leads to k > 4 .
We thus conclude that
Aθ = T1 + T2 + T3, (10)
where T1 , T2 and T3 correspond, respectively, to the contributions to Aθ(x) –see eq. (8)–
with k = 2 , 3 and 4 :
T1 =
∑1
l=0 limΛ→∞ 2i
∫
d4q
(2π)4
e−q
2 1
2
Trγ5D/
2l(Λq) {D/ (Λq), R/ (Λq)}D/ 2(1−l)(Λq)II,
T2 =
∑2
l=0 limΛ→∞ 2i
∫
d4q
(2π)4
e−q
2 1
3!Λ2
Trγ5D/
2l(Λq) {D/ (Λq), R/ (Λq)}D/ 2(2−l)(Λq)II,
T3 =
∑3
l=0 limΛ→∞ 2i
∫
d4q
(2π)4
e−q
2 1
4!Λ4
Trγ5D/
2l(Λq) {D/ (Λq), R/ (Λq)}D/ 2(3−l)(Λq)II.
(11)
To carry out the computation of T1 , T2 and T3 , we shall need the expansion of
{D/ (Λq), R/ (Λq)} in powers of Λ :
{D/ (Λq), R/ (Λq)} = γµγνSµν = γ
µγν(Sµν |Λ0 + Sµν |Λ1 + Sµν |Λ2),
Sµν |Λ0 = d1θ
αβ (DµfαβDν + 2fαβDµDν)−
1
2
θαβ (DµfναDβ + fναDµDβ + fµαDβDν) ,
+ z1 θ
αβ(DµDνfαβ +D{νfαβDµ}o)− iκ4 (θν
β
DµD
αfαβ + θ{ν
β
D
αfαβDµ}o),
Sµν |Λ1 = iΛ(q{µRν}o) + id1Λ θ
αβ(qνDµfαβ + fαβq{µDν}o)−
i
2
Λ θαβqβ(Dµfνα + f{µαDν}o)
Sµν |Λ2 = −Λ
2 θαβ q{µ
(
d1fαβqν}o −
1
2
fν}oαqβ
)
.
(12)
{}o indicates that only the indices µ and ν are symmetrized. d1 = −1/4 + z1 .
Let us work out T1 in eq. (11). Using the fact that tr γ5 = tr γ5γµγν = 0 , one concludes
that
T1 = lim
Λ→∞
2i
∫
d4q
(2π)4
e−q
2 1
2
Trγ5
{
−
i
2
γµγνfµν {D/ (Λq), R/ (Λq)} II−
i
2
{D/ (Λq), R/ (Λq)} γµγνfµν
}
.
Substituting in the previous equation the results in eq. (12), one shows that the contribution
coming from Sµν |Λ1 vanishes upon integration over q and that Sµν |Λ2 yields a vanishing
contribution since Sµν |Λ2 is symmetric in µ and ν . Then, the computation of the integral
6
and traces on the r.h.s. of the previous equation leads to
T1 = −
2
(4π)2
ǫµ1µ2µ3µ4Tr(fµ1µ2Sµ3µ4 |Λ0 + Sµ1µ2 |Λ0fµ3µ4)
= i
8π2
θαβ ǫµ1µ2µ3µ4 Tr (2d1fαβfµ1µ2fµ3µ4 − fµ2αfµ1βfµ3µ4)
+ 1
16π2
θαβ ǫµ1µ2µ3µ4 Tr
[
fµ1µ2(Dµ3fµ4αDβII− 2d1Dµ3fαβDµ4II) +Dµ1fµ2αfµ3µ4DβII
− 2d1Dµ1fαβfµ3µ4Dµ2II
]
+ iκ4
4π2
θµ4
β ǫµ1µ2µ3µ4 TrDµ3(fµ1µ2D
νfνβ),
(13)
where II is the unit function on IR4 and d1 = −1/4 + 2z1 .
To calculate T2 in eq. (11) will be shall express it as the sum of two terms, say, T
(6γ)
2 and
T
(4γ)
2 , which involve the computation of the trace over six and four γ matrices, respectively:
T2 = T
(6γ)
2 + T
(4γ)
2 ,
T
(6γ)
2 =
∑2
l=0 limΛ→∞
(
− i
2
) ∫
d4q
(2π)4
e−q
2 1
(3)!Λ2
Trγ5[(γ
ργσfρσ)
lγµγνSµν(γ
κγτfκτ )
(2−l)]II
T
(4γ)
2 = limΛ→∞
∫
d4q
(2π)4
e−q
2 1
(3)!Λ2
Trγ5[{D
2γργσfρσ + γ
ργσfρσD
2, γµγνSµν}
+D2γµγνSµνγ
ργσfρσ + γ
ργσfρσγ
µγνSµνD
2]II
+ limΛ→∞
∫
d4q
(2π)4
e−q
2 2i
(3)!Λ
Trγ5[{q ·Dγ
ργσfρσ + γ
ργσfρσq ·D, γ
µγνSµν}
+ q ·DγµγνSµνγ
ργσfρσ + γ
ργσfρσγ
µγνSµνq ·D ]II.
(14)
In the limit Λ → ∞ , only the piece Sµν |Λ2 of Sµν –see eq. (12)– contributes to T
(6γ)
2 . The
computation of the corresponding integrals and some algebra yields
T
(6γ)
2 =
i
2(4π)2
θαβ (−8d1 − 1) ǫ
µ1µ2µ3µ4 Tr fαβfµ1µ2fµ3µ4 . (15)
Since tr γ5γ
ργσγµγν ∼ ǫρσµν , one concludes that only the antisymmetric part of Sµν in eq. (12)
is relevant to the computation of T
(4γ)
2 in eq. (14). Then, in the large Λ limit we have
T
(4γ)
2 =
∫
d4q
(2π)4
e−q
2 i
(3)!
Trγ5[{q ·Dγ
ργσfρσ + γ
ργσfρσq ·D, γ
µγνS[µν]|Λ1}
+ q ·DγµγνSµν |Λ1γ
ργσfρσ + γ
ργσfρσγ
µγνS[µν]|Λ1q ·D]II.
S[µν]|Λ1 is the antisymmetric part of Sµν |Λ1 in eq. (12). By substituting in the previous
equation the necessary integrals, and after some algebra, one obtains the following result:
T
(4γ)
2 = −
1
16π2
θαβ ǫµ1µ2µ3µ4 Tr [fµ1µ2Dµ3fµ4αDβII +Dµ1fµ2αfµ3µ4DβII− 2d1(fµ1µ2Dµ3fαβDµ4II
+Dµ1fαβfµ3µ4Dµ2II)].
(16)
From the definition of T3 in eq. (11), one readily learns that there are contributions to it
involving 8 , 6 and 4 γµ matrices. The contributions with 8 and 6 γµ matrices vanish in
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the large Λ limit as Λ−2 and Λ−1 , respectively. The contributions with 4 γµ matrices also
go away as Λ →∞ , since in this limit they are proportional 1/Λ2 ǫρσµνSµν |Λ2 and Sµν |Λ2 is
symmetric in its indices µ and ν . In conclusion:
T3 = 0.
Substituting the previous equation and eq. (16), (15) and (13) in eq. (10), one obtains the
following result:
Aθ(x) = T1 + T
(6γ)
2 + T
(4γ)
2 + T3 = −
i
32π2
θαβ ǫµ1µ2µ3µ4 Tr [fαβfµ1µ2fµ3µ4 + 4fαµ3fµ4βfµ1µ2 ]
+ iκ4
4π2
θµ4
β ǫµ1µ2µ3µ4 TrDµ3(fµ1µ2D
νfνβ)
= ∂µ
(
iκ4
4π2
θµ3
β ǫµµ1µ2µ3 Tr fµ1µ2D
νfνβ
)
.
(17)
The identity Tr θαβ ǫµ1µ2µ3µ4 [fαβfµ1µ2fµ3µ4 + 4fαµ3fµ4βfµ1µ2 ] = 0 has been used to get the
second equality in the previous expression.
In view of eq. (17), one concludes that there is no anomalous contribution at first order
in θµν . Notice that one can always set κ4 = 0 and that even in the event that one insisted
in having a nonvanishing κ4 , the contribution to Aθ can be absorbed by performing the
following finite and gauge invariant renormalization of the current jµ5 in eq. (5): j
µ
5 ren =
jµ5 −
iκ4
4π2
θµ3
β ǫµµ1µ2µ3 Tr fµ1µ2D
νfνβ.
Let us choose SU(N) , with N > 2 , as our ordinary gauge group. That A(x) in eq. (8) be
equal to A(x)ordinary up to first order in θ
µν is a highly nontrivial result. Indeed, Aθ(x) being
proportional to a truly anomalous term like Tr θαβ ǫµ1µ2µ3µ4 [fαβfµ1µ2fµ3µ4 ] is consistent with
power counting and gauge invariance. And yet, as shown in eq. (17) all contributions of this
type cancel each other. Why? One may answer this question by establishing the connection
between the abelian anomaly A(x) and the index of K(1+ γ5)/2 , K being defined in eq. (3).
But first let us exhibit some properties of P(x) = Tr θαβ ǫµ1µ2µ3µ4 [fαβfµ1µ2fµ3µ4(x)] .
The first property we want to display is that for SU(2) , P(x) = 0 . The second property
is that for SU(N) , with N > 2 , P(x) cannot be expressed as ∂µX
µ , Xµ being a gauge
invariant polynomial of the gauge field and its derivatives. This is why we called P(x) a
truly anomalous contribution for SU(N) , N > 2 . That P(x) possesses this property can
be shown as follows. If there exist such an Xµ , it would be a polynomial on the field aaµ
and its derivatives such that s0X
µ|aaa = 0 . s0 is the free BRS operator – s0 a
a
µ = ∂µc
a – and
Xµ|aaa is the contribution to X
µ which has 3 fields aaµ and 2 partial derivatives. Now, it has
8
been shown in ref. [12] that the cohomology of s0 over the space of polynomials of a
a
µ and its
derivatives is constituted by polynomials of fa0 µν = ∂µa
a
ν − ∂νa
a
µ and its derivatives. Hence,
Xµ|aaa = 0 , for it cannot expressed as a polynomial of f
a
0µν and its derivatives: we are one
derivative short in Xµ|aaa . X
µ|aaa = 0 implies that X
µ does not exist. The third property is
that
∫
d4x P(x) does not necessarily vanish for fields with well-defined Pontrjagin number. For
instance, in the SU(3) case, aaµ = a
(BPST) a
µ + δa8 bµ , with a
(BPST) a
µ being standard embedding
of the BPST SU(2) instanton into SU(3) and bµ being a 4-dimensional vector field with
components bµ =
ωµνxνρ
2(n−1)
(r2+ρ2)n
, n > 1, ωµν = −ωνµ, ωµν = Sign(ν −µ)(µ · ν) for µ 6= ν , yields∫
d4x P(x) 6= 0 and has Pontrjagin number equal to 1. To symplify the computation choose a
θµν with θ12 = −θ21 as its only nonvanishing components.
Let us now establish the connection between the abelian axial anomaly and the index of
K(1 + γ5)/2 . Using eq. (7), one readily shows that
−
i
2
∫
d4x A(x) =
∫
d4x
n+∑
n=1
∫
d4x ϕ†n+(x)ϕn+(x)−
∫
d4x
n−∑
n=1
∫
d4x ϕ†n−(x)ϕn−(x) = n+−n−.
n+ and n− are respectively the number of positive and negative chirality zero modes of K
in eq. (3). Of course, n+ = dim Ker K(1 + γ5)/2 and n− = dim Ker K
†(1 − γ5)/2 . Hence,
the abelian anomaly is given by the index of K(1 + γ5)/2 :
−
i
2
∫
d4x A(x) = index K(1 + γ5)/2. (18)
Now, we have assumed that the operator K differs from the Dirac operator iD/ in a “infinites-
imally small” –otherwise our expansions in θµν would not make much sense– operator iR/
that is hermitian and such that γ5K = −Kγ5 . Then, one would hope [13] that
index K(1 + γ5)/2 = index iD/ (1 + γ5)/2 =
1
32π2
∫
d4x ǫµνρσ Tr fµν(x)fρσ(x). (19)
A by-product of our calculations is that the previous equation indeed holds as far as we
have computed. Notice that if Aθ in eq. (8) had received a contribution like P(x) =
Tr θαβ ǫµ1µ2µ3µ4 [fαβfµ1µ2fµ3µ4(x)] , then, in view of the discussion in the previous paragraph
and eq. (18), we would have concluded that the first equality in eq. (19) would not be correct.
Obviously, this analysis can be extended and conjecture that at any order in θ the abelian
anomaly for noncommutative SU(N) is saturated by the ordinary abelian anomaly. This con-
jecture is further supported by the second order in θµν Feynman diagram calculations carried
out in ref. [14].
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Finally, our results can be readily extended to the case of noncommutative gauge the-
ories with a nonsemisimple gauge group, when the noncommutative theory is constructed
by using the symmetric form of the Seiberg-Witten map as defined in ref. [7]. In this case
the Seiberg-Witten map is the same as the map displayed in eq. (1) by now aµ is given by
aµ =
∑s
k=1 gk (a
k
µ)
a (T k)a+
∑N
l=s+1 gl a
l
µ T
l and the spinor ψ denotes a hypermultiplet carrying
a given representation of the nonsemisimple gauge group. akµ , gk and a
l
µ , gl are the ordinary
gauge field and coupling constants associated, respectively, to each simple and U(1) factor of
the nonsemisimple group. The reader is referred to ref. [15] for further details on the notation.
It is clear that eqs. (9) and (17) will also be valid in the nonsemisimple case provided aµ is
defined as in the previous equation.
It is a very interesting and open question to obtain the results presented in this paper by
using the heat kernel expansion [16] due to its relevance in the mathematically rigorous proof
of index theorems.
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